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Îáùàÿ ïîñòàíîâêà çàäà÷è àññèìèëÿöèè äàííûõ

Ðàññìîòðèì ìàòåìàòè÷åñêóþ ìîäåëü, îïèñûâàþùóþ ýâîëþöèþ
ãèäðîäèíàìè÷åñêîé ñèñòåìû â âèäå

dx
dt = M (x , t) , t > 0

x |t=0
= x0,

ãäå x � âåêòîð ñîñòîÿíèÿ ìîäåëè, M � äèíàìè÷åñêèé îïåðàòîð ìîäåëè,
x0 � âåêòîð íà÷àëüíîãî ñîñòîÿíèÿ. Ïðè ÷èñëåííîì ìîäåëèðîâàíèè èëè
ïðîãíîçå äèíàìè÷åñêèé îïåðàòîð M â îáùåì ñëó÷àå íåëèíåéíûé è
äåòåðìèíèðîâàííûé, â òî âðåìÿ êàê èñòèííîå ïîëå îòëè÷àåòñÿ îò
ìîäåëüíîãî íà ñëó÷àéíóþ èëè ñèñòåìàòè÷åñêóþ îøèáêó.
Êàê ïðàâèëî, â ãåîôèçè÷åñêîé ãèäðîäèíàìèêå ðàññìàòðèâàìàÿ
ñèñòåìà åñòü ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ, êîòîðóþ â ìàòåìàòè÷åñêîé ëèòåðàòóðå ÷àñòî
íàçûâàþò ñèñòåìîé ñ ðàñïðåäåëeííûìè ïàðàìåòðàìè. Çàâèñèìóþ
ïåðåìåííóþ x íàçûâàþò �ïîëåì�.
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Íàáëþäåíèÿ

Íàáëþäåíèÿ çàäàþòñÿ íåêîòîðîé âåêòîð-ôóíêöèåé y0 (t), êîòîðàÿ
óäîâëåòâîðÿåò óðàâíåíèþ

y0 (t) = H
(
x t , t

)
+ ε,

ãäå H � îïåðàòîð íàáëþäåíèé, x t - èñòèííîå ïîëå, ε - ôóíêöèÿ îøèáêè
(øóì). Ôóíêöèÿ y0 (t) ñ÷èòàåòñÿ çàäàííîé, â òî âðåìÿ êàê
èíôîðìàöèÿ î ε, êàê ïðàâèëî, îòñóòñòâóåò. Îïåðàòîð H, òàê æå êàê M,
ìîæåò áûòü íåëèíåéíûì, à òàêæå çàâèñåòü â îáùåì ñëó÷àå îò âåêòîðà
ñîñòîÿíèÿ x . Îí çàäàeò îòîáðàæåíèå âåêòîðà ñîñòîÿíèÿ â
ïðîñòðàíñòâî íàáëþäåíèé.
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Äèñêðåòèçàöèÿ

Ïðè äèñêðåòèçàöèè íåïðåðûâíîé ìîäåëè ïî âðåìåíè ÷àñòî ïðèõîäÿò ê
äèñêðåòíîé ìîäåëè, îïèñûâàþùåé ïåðåõîä îò ìîìåíòà âðåìåíè ti â
ìîìåíò ti+1:

x (ti+1) = Mi (x (ti )) ,

ãäå x (ti ) - âåêòîð ñîñòîÿíèÿ ðàçìåðíîñòè n, i � íîìåð øàãà ïî
âðåìåíè, Mi - ðàçíîñòíûé îïåðàòîð ïåðåõîäà ñî ñëîÿ íà ñëîé.
Ïðè ðàññìîòðåíèè äèñêðåòíîé ìîäåëè íàáëþäåíèÿ y0 â ìîìåíò
âðåìåíè ti çàäàþòñÿ óðàâíåíèåì

y0i = Hi

(
x t (ti )

)
+ εi ,

ãäå Hi - îïåðàòîð íàáëþäåíèé â ìîìåíò âðåìåíè t = ti , x
t - èñòèííîå

ïîëå òå÷åíèé, εi - ôóíêöèÿ îøèáêè. Âåêòîðû y0i èìåþò ðàçìåðíîñòè
pi . Â áîëüøèíñòâå ïðàêòè÷åñêèõ çàäà÷ pi ìíîãî ìåíüøå n.
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Çàäà÷à îá óñâîåíèè äàííûõ

Äëÿ ïðåäñêàçàíèÿ ýâîëþöèè â çàäà÷àõ ãåîôèçè÷åñêîé ãèäðîäèíàìèêè
òðåáóåòñÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ î ìîäåëè (íàïðèìåð,
íà÷àëüíûå óñëîâèÿ, íåèçâåñòíûå ïàðàìåòðû ìîäåëè). Ýòó
èíôîðìàöèþ ìîæíî ïîëó÷èòü ñ ïîìîùüþ äàííûõ íàáëþäåíèé.

Çàäà÷à îá óñâîåíèè äàííûõ: ïðè çàäàííîé ôóíêöèè íàáëþäåíèé y0 (t)
òðåáóåòñÿ íàéòè íåèçâåñòíûå ïàðàìåòðû ìîäåëè (íàïðèìåð, íà÷àëüíîå

óñëîâèå), òàê, ÷òîáû âåêòîð ñîñòîÿíèÿ x óäîâëåòâîðÿë èñõîäíîé

íåïðåðûâíîé çàäà÷å, à âåêòîð H(x) áûë áëèçîê â êàêîì-ëèáî ñìûñëå ê

y0 (t).

Íàéäåííîå â ðåçóëüòàòå ðåøåíèå x íàçûâàåòñÿ îöåíêîé ñîñòîÿíèÿ è
îáîçíà÷àåòñÿ xa.

Ïàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 6 / 44



Èäåè àññèìèëÿöèè äàííûõ

Îáúåêòèâíûé àíàëèç. Ñóòü åãî ìåòîäà � äâóìåðíàÿ (2-D) ïîëèíîìèàëüíàÿ
èíòåðïîëÿöèÿ äàííûõ íàáëþäåíèé (Êèáåëü, 1949; Gilchrist and Cressman, 1954).
Ìîäèôèêàöèÿ ìåòîäà (Cressman, 1959) ìåòîä ïîñëåäîâàòåëüíûõ ïîïðàâîê, èëè
SCM-ìåòîä (Successive Correction Method).
Ìåòîä ïîäãîíêè (Nudging). Èäåÿ ìåòîäà:
dx
dt = M (x , t) + K

(
y0 − H (x)

)
, t ∈ (0,T ), x

∣∣
t=0

= x0, ãäå K � âåñîâîé îïåðàòîð

(nudging or gain matrix). (Hoke, Anthens, 1976; Verron, 1990; Blayo et al, 1994; Blum,
Auroux, 2005).
Îïòèìàëüíàÿ èíòåðïîëÿöèÿ. Íàáëþäåíèÿì ïðèñâàèâàþò âåñà, êîòîðûå ñâÿçàíû ñ
îøèáêàìè íàáëþäåíèé. Ïîëå �áýêãðàóíäà� ÿâëÿåòñÿ äîïîëíèòåëüíûì ïîëåçíûì
èñòî÷íèêîì èíôîðìàöèè âìåñòå ñî ñâîåé õàðàêòåðèñòèêîé îøèáêè. (Lorenc, 1981;
Derber and Rosati, 1989; Smith, Cummings, 2012; Evensen, 2003; Sakov et al., 2015;
Êàóðêèí Ì.Í., Èáðàåâ Ð.À., Áåëÿåâ Ê.Ï., 2016)
Ôèëüòðû Êàëìàíà. Ñòàòèñòè÷åñêèé ìåòîä àññèìèëÿöèè. Ôèëüòð Êàëìàíà îïåðèðóåò
ïîíÿòèåì âåêòîðà ñîñòîÿíèÿ ñèñòåìû (íàáîðîì ïàðàìåòðîâ, îïèñûâàþùèõ ñîñòîÿíèå
ñèñòåìû íà íåêîòîðûé ìîìåíò âðåìåíè) è åãî ñòàòèñòè÷åñêèì îïèñàíèåì.

EKF (ðàñøèðåííûé ôèëüòð Êàëìàíà) Ghil et al, 1982; Budgell, 1986
EnKF (àíñàìáëåâûé ôèëüòð Êàëìàíà) Evensen, 2003, 2007; Kalnay et al., 2007; Fertig et
al., 2007; Zhang et al., 2009.

Ìíîãîýëåìåíòíûé ÷åòûðåõìåðíûé àíàëèç ãèäðîôèçè÷åñêèõ ïîëåé íà îñíîâå
äèíàìèêî-ñòîõàñòè÷åñêèõ ìîäåëåé ðàçðàáàòûâàëñÿ â ÌÃÈ (Ñàðêèñÿí À.Ñ., Êíûø
Â.Â., Äåìûøåâ Ñ.Ã., Êîðîòàåâ Ã.Ê., 1986, 1987).
Ìîäèôèêàöèè àëãîðèòìà Êàëìàíà íà îñíîâå àïïðîêñèìàöèé êîâàðèàöèîííûõ
ìàòðèö èñïîëüçîâàëèñü ïðè ìîäåëèðîâàíèè öèðêóëÿöèè ×åðíîãî ìîðÿ (Êíûø Â.Â.,
Êîðîòàåâ Ã.Ê., Ìèçþê À.È., Ñàðêèñÿí À.Ñ., 2012)
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Âàðèàöèîííûå ìåòîäû óñâîåíèÿ äàííûõ

Çàäà÷à îá óñâîåíèè äàííûõ ôîðìóëèðóåòñÿ êàê çàäà÷à
îïòèìàëüíîãî óïðàâëåíèÿ. Òåîðèÿ: Ð. Áåëëìàí, 1957; Ë.Ñ.
Ïîíòðÿãèí, 1962; Í.Í. Êðàñîâñêèé, 1969; Æ.-Ë. Ëèîíñ, 1968; Ã.È.
Ìàð÷óê, 1975. Ïðàêòèêà: â ìåòåîðîëîãèè Sasaki, 1970,
äèíàìè÷åñêîé îêåàíîãðàôèè Provost and Salmon, 1986.
Èñïîëüçîâàíèå òåîðèè ñîïðÿæåííûõ óðàâíåíèé. Òåîðèÿ: Ìàð÷óê,
1964; Ëèîíñ, 1968; Ìàð÷óê Ã.È., Ïåíåíêî Â.Â., 1978; Le Dimet and
Talagrand, 1986; Lewis and Derber, 1985. Ïðàêòèêà Courier and
Talagrand, 1987; Lorenc, 1988; Navon, 1986; Àãîøêîâ Â.È., Ìàð÷óê
Ã.È., 1993; Ìàð÷óê Ã.È., Çàëåñíûé Â.Á., 1993; Âåíöåëü Ì.,
Çàëåñíûé Â.Á., 1996; Øóòÿåâ Â.Ï., 2001; Àãîøêîâ Â.È., Ïàðìóçèí
Å.È., Øóòÿåâ Â.Ï., 2008, 2013, è äð.
Òðåõìåðíîå âàðèàöèîííîå óñâîåíèÿ äàííûõ (3D-VAR).
Íàöèîíàëüíûé Öåíòð ïðåäñêàçàíèé NCEP (Parrish and Derber,
1992). Åâðîïåéñêèé Öåíòð ïðîãíîçà ïîãîäû ECMWF è NASA Data
Assimilation O�ce (Cohn et al, 1998).
×åòûðåõìåðíîå óñâîåíèå äàííûõ (4D-VAR). Âïåðâûå ñèñòåìà
4D-VAR áûëà ïðèìåíåíà â Åâðîïåéñêîì Öåíòðå ïðîãíîçà ïîãîäû
(Courtier et al, 1994).
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Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

Çàäà÷è îá óñâîåíèè äàííûõ, ðåøàåìûå êàê çàäà÷è îïòèìàëüíîãî
óïðàâëåíèå

Çàäà÷à î âîññòàíîâëåíèå íà÷àëüíîãî óñëîâèÿ � çàäà÷à
èíèöèàëèçàöèè: dx/dt = M(x , t), x

∣∣
t=0

= u, inf
u
J(x , u)

Çàäà÷à î âîññòàíîâëåíèå èëè óòî÷íåíèè ïðàâîé ÷àñòè:
dx/dt = M(x , t) + f , inf

f
J(x , f )

Çàäà÷à îá óòî÷íåíèè ãðàíè÷íûõ óñëîâèé:
dx/dt = M(x , t), x

∣∣
∂Ω

= u, inf
u
J(x , u)

Çàäà÷à î âîññòàíîâëåíèè ïàðàìåòðîâ ìîäåëè:
dx/dt = µ1M1(x , t) + νM2(x , t), inf

µ
J(x , µ)
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4D-VAR: Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó íà èíòåðâàëå (0,T ):{
dx
dt = M (x , t) , t ∈ (0,T )

x |t=0
= x0

è ââåäåì ôóíêöèîíàë îò åe ðåøåíèÿ:

J (x0) =
1

2

(
C1

(
x0 − xb0

)
, x0 − xb0

)
+
1

2

T∫
0

(
C2

(
Hx − y0

)
,Hx − y0

)
dt,

ãäå H � (ëèíåéíûé) îïåðàòîð íàáëþäåíèé, y0 � ôóíêöèÿ íàáëþäåíèé,
xb
0
� çàäàííûé âåêòîð, C1, C2 � âåñîâûå îïåðàòîðû, (·, ·) � ñêàëÿðíîå

ïðîèçâåäåíèå. Êàê ïðàâèëî, C1, C2 âûáèðàþòñÿ â âèäå:C1 = B−1,
C2 = R−1, ãäå B , R � êîâàðèàöèîííûå ìàòðèöû âåêòîðîâ
ξ = xb

0
− x t |t=0

è ε, ñîîòâåòñòâåííî: B = E (ξξT ), R = E (εεT ). Òàêèå
âåñîâûå îïåðàòîðû (èëè èõ ïðèáëèæåíèÿ) ÷àñòî âûáèðàþòñÿ â
ïðàêòè÷åñêèõ çàäà÷àõ (Ghil and Malanotte�Rizzoli, 1991; Ide et al, 1997).
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Çàäà÷à âàðèàöèîííîãî óñâîåíèÿ äàííûõ

Ïðåäïîëîæèì, ÷òî íà÷àëüíîå óñëîâèå x0 íàì íåèçâåñòíî. Òîãäà çàäà÷à

îá óñâîåíèè äàííûõ ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì: íàéòè x0, x
òàêèå, ÷òî îíè óäîâëåòâîðÿþò ñèñòåìå è íà ìíîæåñòâå ðåøåíèé
ôóíêöèîíàë J äîñòèãàåò ñâîåãî íàèìåíüøåãî çíà÷åíèÿ:

dx
dt = M (x , t) , t ∈ (0,T )

x |t=0
= x0,

J (x0) = inf
v
J (v) .
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Ãðàäèåíò ôóíêöèîíàëà

Ïî îïðåäåëåíèþ

J ′δx0 =
(
C1

(
x0 − xb0

)
, δx0

)
+

T∫
0

(
C2

(
Hx − y0

)
,Hδx

)
dt,

ãäå δx óäîâëåòâîðÿåò ñèñòåìå TLM (tangent linear model):
dδx
dt = M ′ (x , t) δx , t ∈ (0,T )

δx |t=0
= δx0.
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Ñîïðÿæåííàÿ çàäà÷à

Ïóñòü  −
dx∗

dt = (M ′ (x , t))∗ x∗ − p,

x∗|t=T = 0,

ãäå p = H∗C2

(
Hx − y0

)
. Òîãäà èç ñîîòíîøåíèÿ ñîïðÿæåííîñòè

T∫
0

(p, δx) dt = − (x∗|t=0, δx0)

ïîëó÷àåì ãðàäèåíò

J ′δx0 =
(
C1

(
x0 − xb0

)
, δx0

)
+

T∫
0

(p, δx) dt =
(
C1

(
x0 − xb0

)
− x∗|t=0, δx0

)
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Ñèñòåìà îïòèìàëüíîñòè

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè (Lions, 1968) ïðèâîäèò çàäà÷ó ê
ñèñòåìå äëÿ òðåõ íåèçâåñòíûõ x0, x , x

∗:
dx
dt = M (x , t) , t ∈ (0,T )

x |t=0
= x0, −

dx∗

dt = (M ′ (x , t))∗ x∗ − H∗C2

(
Hx − y0

)
,

x∗|t=T = 0,

C1

(
x0 − xb0

)
− x∗|t=0

= 0,

ãäå (M ′ (x , t))∗ � îïåðàòîð, ñîïðÿæåííûé ê ïðîèçâîäíîé îïåðàòîðà
ìîäåëè M.

Ýòà ñèñòåìà ìîæåò áûòü ïîëó÷åíà òàêæå èç ïðèíöèïà ìàêñèìóìà
Ïîíòðÿãèíà, ñôîðìóëèðîâàííîãî äëÿ èñõîäíîé çàäà÷è ìèíèìèçàöèè
(Marchuk, Zalesny, 1993), èëè ìåòîäîì ìíîæèòåëåé Ëàãðàíæà
(Åâòóøåíêî Þ.Ã. è äð., 1997).
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Ìîäåëü ãèäðîòåðìîäèíàìèêè

d~u

dt
+

[
0 −f
f 0

]
~u − g · gradξ + Au~u + (Ak)2~u =

= ~f − 1

ρ0
gradPa − g

ρ0
grad

z∫
0

ρ1(T ,S)dz ′,

∂ξ

∂t
−m

∂

∂x
(

H∫
0

Θ(z)udz)−m
∂

∂y
(

H∫
0

Θ(z)
n

m
vdz) = f3,

dT

dt
+ ATT = fT ,

dS

dt
+ ASS = fS ,

ãäå

f̄ = g · gradG , Θ(z) ≡ r2(z)

R2
, r = R − z , 0 < z < H.
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Ãðàíè÷íûå óñëîâèÿ íà ïîâåðõíîñòè ìîðÿ



 H∫
0

Θ~udz

 ~n + β0mop

√
gH ξ = mop

√
gH ds íà ∂Ω,

U
(−)
n u − ν ∂u

∂z
− k33

∂

∂z
Aku = τ

(a)
x

/
ρ0, U

(−)
n v − ν ∂v

∂z
− k33

∂

∂z
Akv = τ

(a)
y

/
ρ0,

Aku = 0, Akv = 0,

U
(−)
n T − νT

∂T

∂z
+ γT (T − Ta) = QT + U

(−)
n dT ,

U
(−)
n S − νS

∂S

∂z
+ γS(S − Sa) = QS + U

(−)
n dS ,

ãäå ~U = (u, v ,w) ≡ (~u,w),U
(−)
n = (|Un| − Un)/2.

Ãðàíè÷íûå ôóíêöèè dT , dS or QT , QS òîæå ìîãóò áûòü íåèçâåñòíûìè.

Ïàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 16 / 44



Ïîëó÷èâ ðåøåíèå ñèñòåìû φ = (u, v , ξ,T , S) ìîæíî âû÷èñëèòü
îñòàëüíûå ïàðàìåòðû ñèñòåìû

w(x , y , z , t) =
1

r
(m

∂

∂x
(

H∫
z

rudz ′)+m
∂

∂y
(
n

m

H∫
z

rvdz ′)), (x , y , t) ∈ Ω×(0, t̄),

P(x , y , z , t) = Pa(x , y , t) + ρ0g(z − ξ) +

z∫
0

gρ1(T ,S)dz ′.
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Ñõåìà ðàñùåïëåíèÿ. Òåìïåðàòóðà.

Øàã 1.

Tt + (Ū,Grad)T −Div(âT · Grad T ) = fT â D × (tj−1, tj),

T = Tj−1 ïðè t = tj−1 â D,

Ū
(−)
n T − νT

∂T

∂z
+ γT (T − Ta) = QT + Ū

(−)
n dT íà ΓS × (tj−1, tj),

∂T

∂NT
= 0 íà Γw ,c × (tj−1, tj),

Ū
(−)
n T +

∂T

∂NT
= Ū

(−)
n dT + QT íà Γw ,op × (tj−1, tj),

∂T

∂NT
= 0 íà ΓH × (tj−1, tj),

Tj ≡ T íà D × (tj−1, tj),
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Ñõåìà ðàñùåïëåíèÿ. Ñîëåíîñòü.

Øàã 2.

St + (Ū,Grad)S −Div(âS · Grad S) = fS â D × (tj−1, tj),

S = Sj−1 ïðè t = tj−1 â D,

Ū
(−)
n S − νS

∂S

∂z
+ γS(S − Sa) = QS + Ū

(−)
n dS íà ΓS × (tj−1, tj),

∂S

∂NS
= 0 íà Γw ,c × (tj−1, tj),

Ū
(−)
n S +

∂S

∂NS
= Ū

(−)
n dS + QS on Γw ,op × (tj−1, tj),

∂S

∂NS
= 0 íà ΓH × (tj−1, tj),

Sj ≡ S â D × (tj−1, tj).

Ïàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 19 / 44



Ñõåìà ðàñùåïëåíèÿ. Ñêîðîñòè.

Øàã 3.

u
(3)
t + (Ū,Grad)u(3) −Div(âu · Grad )u(3) + (Ak)2u(3) = 0 â D × (tj−1, tj),

u(3) = u(2) ïðè t = tj−1 â D,

Ū
(−)
n u(3) − νu ∂u

(3)

∂z − k33
∂
∂z (Aku

(3)) = τ (a)

ρ0
,Aku

(3) = 0 íàΓS × (tj−1, tj),

U
(3)
n = 0, ∂U

(3)

∂Nu
· τ̄w +

(
∂
∂Nk

Aku
(3)
)
· τw = 0,Aku

(3) = 0 íà Γw ,c × (tj−1, tj),

Ū
(−)
n (Ũ(3) · N) + ∂Ũ(3)

∂Nu
· N̄ +

(
∂
∂Nk

Aku
(3)
)
· N̄ = Ū

(−)
n d ,Aku

(3) = 0 íà Γw ,op × (tj−1, tj),

Ū
(−)
n (Ũ(3) · τ̄w ) + ∂Ũ(3)

∂Nu
· τ̄w +

(
∂
∂Nk

Aku
(3)
)
· τw = 0,Aku

(3) = 0 íà Γw ,op × (tj−1, tj),

∂u(3)

∂Nu
=
τ (b)

ρ0
íà ΓH × (tj−1, tj),

ãäå

u(3) = (u(3), v (3)), τ (a) = (τ
(a)
x , τ

(a)
y ),

U(3) = (u(3),w (3)(u(3), v (3))), Ũ(3) = (u(3), 0), τ (b) = (τ
(b)
x , τ

(b)
y ).
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Ðàñùåïëåíèå òåìïåðàòóðíîãî áëîêà

Ðàññìàòðèâàåì óðàâíåíèå äëÿ òåìïåðàòóðû T â îïåðàòîðíîé ôîðìå

(T )t + LT = F + BQ, t ∈ (tj−1, tj),

T = Tj−1, j = 1, 2, . . . , J,

äàëüíåéøåå ïðèìåíåíèè ñõåìû ðàñùåïëåíèå ïðèâîäèò ê ñëåäóþùèì
øàãàì:
Øàã 1.1:

(T1)t + L1T1 = F1, t ∈ (tj−1, tj),

T1 = Tj−1 ïðè t = tj−1

Øàã 1.2:
(T2)t + L2T2 = F2 + BQ, t ∈ (tj−1, tj),

T2(tj−1) = T1(tj).

T2(tj) ≡ Tj
∼= T ïðè t = tj .
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Êëàññè÷åñêàÿ ôîðìà çàïèñè óðàâíåíèÿ äëÿ òåìïåðàòóðû



Tt +
1

2

(
w1

∂T

∂z
+

1

r2
∂(r2w1T )

∂z

)
− 1

r2
∂

∂z
r2νT

∂T

∂z
= fT â D at t ∈ (tj−1, tj),

T = T1(tj) ïðè t = tj−1,

−νT
∂T

∂z
= Q ïðè z = 0,

νT
∂T

∂z
= 0 ïðè z = H,

ãäå

Ū
(−)
n =

|Ūn| − Ūn

2
=

1

2
(|w̄1|+ w̄1) =

1

2
(|w̄ |+ w̄) ïðè z = 0,

Q ≡ QT − γT (T − Ta)− Ū
(−)
n T + Ū

(−)
n dT .
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Âàðèàöèîííàÿ àññèìèëÿöèÿ ïîâåðõíîñòíîé òåìåïàðòóðû

Ïóñòü äîïîëíèòåëüíîé íåèçâåñòíîé (�óïðàâëåíèåì�) ÿâëÿåòñÿ ôóíêöèÿ
ïîëíîãî ïîòîêà Q. Ââåäåì ôóíêöèîíàë ñòîèìîñòè âèäà:

Jα ≡ Jα(Q, φ) =
1

2

t̄∫
0

∫
Ω

α|Q − Q(0)|2dΩdt + J0(φ),

J0(φ) =
1

2

t̄∫
0

∫
Ω

m0|T − Tobs |2dΩdt.

Çäåñü: α ≡ α(λ, θ, t) � ôóíêöèÿ, èãðàþùàÿ ðîëü ðåãóëÿðèçàòîðà (âîç-
ìîæåí ñëó÷àé, êîãäà α(λ, θ, t) =const≥ 0) è êîòîðàÿ ìîæåò áûòü ðàç-
ìåðíîé âåëè÷èíîé, à Q(0) ≡ Q(0)(λ, θ, t) � çàäàííàÿ ôóíêöèÿ (êîòîðàÿ
ìîæåò áûòü òàêæå è òðèâèàëüíîé).
Çàäà÷à âàðèàöèîííîé àññèìèëÿöèè ôîðìóëèðóåòñÿ ñëeäóþùèì îáðà-
çîì: òðåáóåòñÿ íàéòè ðåøåíèå φ Çàäà÷è è ôóíêöèþ Q, òàêèå, ÷òîáû íà

íèõ ôóíêöèîíàë ïðèíèìàë íàèìåíüøåå çíà÷åíèå.
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Ñèñòåìà îïòèìàëüíîñòè äëÿ ðåøåíèÿ çàäà÷è î ÒÏÌ


Tt +

1

2

(
w1

∂T

∂z
+

1

r2
∂(r2w1T )

∂z

)
− 1

r2
∂

∂z
r2νT

∂T

∂z
= fT , T = T1(tj)

−νT
∂T

∂z

∣∣∣
z=0

= Q, νT
∂T

∂z

∣∣∣
z=H

= 0,


T ∗t −

1

2

(
w1

∂T ∗

∂z
+

1

r2
∂(r2w1T

∗)

∂z

)
− 1

r2
∂

∂z

(
r2νT

∂T ∗

∂z

)
= 0

νT
∂T ∗

∂z

∣∣∣
z=H

= 0,
(
−w1T

∗ − νT
∂T ∗

∂z

)∣∣∣
z=0

= m0(T − Tobs),

α0(Q − Q(0)) + T ∗ = 0
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Схема ассимиляции 

Блок ассимиляции 
данных 

Txy 

Tz 

T(t) 

Поток на 
поверхности 

Q 

«Промежуточная »  

температура Tint 

T(t+1) 

Данные 
наблюдений

Tobs 
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Âàðèàöèîííàÿ àññèìèëÿöèÿ. ×åðíîå ìîðå

Ïàðàìåòðû ðàñ÷åòíîé îáëàñòè:

ñåòêà 286x159x27 òî÷åê (øèðîòà×äîëãîòà×ãëóáèíà);
ïåðâàÿ òî÷êà ñåòêè 27.475◦ âîñòî÷íîé äîëãîòû è 40.93◦ ñåâåðíîé
øèðîòû.

Øàãè ñåòêè ïî x è ïî y 0.05 è 0.04 ãðàäóñà.

Øàã ïî âðåìåíè ∆t = 5 ìèíóò.

Â êà÷åñòâå Tobs èñïîëüçîâàëèñü äàííûå ÒÏÌ ×åðíîãî îêåàíà,
ïðåäñòàâëåííûå Ëåáåäåâûì Ñ.À. (ÃÖ ÐÀÍ) èíòåðïîëèðîâàííûå íà
ñåòêó ìîäåëè Çàõàðîâîé Í.Á.(ÈÂÌ ÐÀÍ), çà ÿíâàðü 2008 ã. â
êàæäûé ìîìåíò âðåìåíè íà ðàññìàòðèâàåìîé ñåòêå.

Â êà÷åñòâå Q(0) èñïîëüçîâàëñÿ ñðåäíåêëèìàòè÷åñêèé ïîòîê çà
ÿíâàðü 2008 ã., ïîëó÷åííûé ïî äàííûì ðåàíàëèçà NCEP (National
Centers for Environmental Prediction).
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Âàðèàöèîííàÿ àññèìèëÿöèÿ. ×åðíîå ìîðå

(a) Áåç óñâîåíèÿ (ñðåäíåå çà 1 äåíü) (b) Äàííûå íàáëþäåíèé (ñðåäíåå çà 1 äåíü)

(c) Ñ óñâîåíèåì (ñðåäíåå çà 1 äåíü)

Ðèñ.: Îñðåäíåííûå ïîëÿ SST íà àêâàòîðèè ×åðíîãî ìîðÿ íà 3 äåíü ðàñ÷åòàÏàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 27 / 44



Ïðîôèëè òåìïåðàòóðû ïðè àññèìèëÿöèè ÒÏÌ

(a) 30◦ â.ä., 45◦ ñ.ø. (b) 32◦ â.ä., 44◦ ñ.ø. (c) 35◦ â.ä., 43.5◦ ñ.ø.

(d) 38◦ â.ä., 43◦ ñ.ø.

Ïàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 28 / 44



Âåðèôèêàöèÿ àññèìèëÿöèÿ. 2 èñòî÷íèêà äàííûõ

Äàííûå GHRSST � Group for High Resolution Sea Surface Temperature

(a) 1 ôåâðàëÿ (b) 2 ôåâðàëÿ

(c) 2 èþíÿ (d) 3 èþíÿ
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Âåðèôèêàöèÿ àññèìèëÿöèÿ. 2 èñòî÷íèêà äàííûõ

Äàííûå ìîðñêîãî ïîðòàëà ÌÃÈ (Ñåâàñòîïîëü)

(a) 2 ÿíâàðÿ, 11:10 (b) 2 ôåâðàëÿ, 10:05

(c) 1 èþíÿ, 11:02 (d) 1 èþíÿ, 19:27
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Âàðèàöèîííàÿ àññèìèëÿöèÿ. ×åðíîå ìîðå.

(a) Ðàñ÷åò áåç óñâîåíèÿ (b) Ðàñ÷åò c óñâîåíèåì

(c) Äàííûå íàáëþäåíèé
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Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.

(a) Ðàçíîñòü TGHRSST − Tmodel . (b) Ðàçíîñòü TGHRSST − Tassim.

Ðèñ.: Ðàçíîñòü ÒÏÌ. Ðàñ÷åò íà 10 äíåé. (ñðåäíèå çíà÷åíèÿ çà ïîñëåäíèå
ñóòêè)
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Âàðèàöèîííàÿ àññèìèëÿöèÿ. Áàëòèéñêîå ìîðå

Ïàðàìåòðû ðàñ÷åòíîé îáëàñòè:

ñåòêà 336x394x27 òî÷åê (øèðîòà×äîëãîòà×ãëóáèíà);
ïåðâàÿ òî÷êà ñåòêè 9.375◦ â.ä. è 53.625◦ ñ.ø.

Øàãè ñåòêè ïî x è ïî y 0.0625 è 0.03125 ãðàäóñà.

Øàã ïî âðåìåíè ∆t = 5 ìèíóò.

Â êà÷åñòâå Tobs èñïîëüçîâàëèñü èñïîëüçîâàëèñü ñðåäíåñóòî÷íûå
äàííûå òåìïåðàòóðû ïîâåðõíîñòè Áàëòèéñêîãî ìîðÿ Äàòñêîãî
ìåòåîðîëîãè÷åñêîãî èíñòèòóòà, ïîäãîòîâëåííûå îñíîâå èçìåðåíèé
ðàäèîìåòðîâ (AVHRR, AATSR è AMSRE) è ñïåêòðîðàäèîìåòðîâ
(SEVIRI è MODIS).

Â êà÷åñòâå Q(0) èñïîëüçîâàëñÿ ñðåäíåêëèìàòè÷åñêèé ïîòîê çà
ÿíâàðü 2008 ã., ïîëó÷åííûé ïî äàííûì ðåàíàëèçà NCEP (National
Centers for Environmental Prediction).

Ðàñ÷åò âêëþ÷àë â ñåáÿ àññèìèëÿöèþ Tobs è ðàñ÷åò íà 90 äíåé
(ÿíâàðü-ìàðò, ìàé-èþëü).
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Ðåçóëüòàòû àññèìèëÿöèè ÒÏÌ, ðàñ÷åò íà 5 ñóòîê.

(a) Áåç óñâîåíèÿ (b) Äàííûå íàáëþäåíèé

(c) Ñ óñâîåíèåì

Ðèñ.: Îñðåäíåííûå ïîëÿ SST íà àêâàòîðèè ×åðíîãî ìîðÿ íà 3 äåíü ðàñ÷åòà
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Âåðòèêàëüíûå ðàçðåçû, ðàñ÷åò íà 5 ñóòîê.

(a) Ðàçðåç ïî 60◦ ñåâåðíîé øèðîòû (b) Ðàçðåç ïî 20◦ âîñòî÷íîé äîëãîòû

Ðèñ.: Ðàçíîñòü Tmodel -Tassim
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Àññèìèëÿöèÿ ÒÏÌ. Ðàñ÷åò íà 15 ñóòîê.

(a) Äàííûå íàáëþäåíèé Tobs (b) Ðàñ÷åò áåç áëîêà óñâîåíèÿ, Tmodel

(c) Ðàñ÷åò ñ áëîêîì óñâîåíèÿ, Tcov

Ðèñ.: Ñðåäíåå çíà÷åíèå T íà 15-ûå ñóòêè. ◦C
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Âåðòèêàëüíûå ðàçðåçû, ðàñ÷åò íà 15 ñóòîê.

(a) Ðàçðåç ïî 55◦ ñåâåðíîé øèðîòû (b) Ðàçðåç ïî 20◦ âîñòî÷íîé äîëãîòû

Ðèñ.: Ðàçíîñòü Tmodel -Tassim

Ïàðìóçèí Å.È. è äð. Âàðèàöèîííàÿ àññèìèëÿöèÿ ÈÊÈ ÐÀÍ, 12.11.2018 37 / 44



Âåðòèêàëüíûå ðàçðåçû, ðàñ÷åò íà 15 ñóòîê. Smodel -STassim

(a) Ðàçðåç ïî 55◦ ñåâåðíîé øèðîòû

(b) Ðàçðåç ïî 20◦ âîñòî÷íîé äîëãîòû
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Àññèìèëÿöèÿ ÒÏÌ. Ðàñ÷åò íà 1 ìåñÿö.

(c) Tmodel (d) Tassim

(e) Tobs

Ðèñ.: Ñðåäíåå çíà÷åíèå T (ïîñëåäèé äåíü ðàñ÷åòà). ◦C
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Âåðòèêàëüíûå ðàçðåçû, ðàñ÷åò íà 1 ìåñÿö.

(a) Ðàçðåç ïî 58◦ ñåâåðíîé øèðîòû (b) Ðàçðåç ïî 19◦ âîñòî÷íîé äîëãîòû

Ðèñ.: Ðàçíîñòü Tmodel -Tassim
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Âåðòèêàëüíûå ðàçðåçû, ðàñ÷åò íà 1 ìåñÿö.

(a) Ðàçðåç ïî 58◦ ñåâåðíîé øèðîòû (b) Ðàçðåç ïî 19◦ âîñòî÷íîé äîëãîòû

Ðèñ.: Ðàçíîñòü Smodel -STassim
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